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1. INTRODUCTION 
In [AGl], it was proved that any finite simple group can be generated 
by a pair of Sylow-p subgroups for some prime p. In this article, we extend 
this result (also using the classification of s mple groups) and prove 
THEOREM A. Any finite nonabelian simple group can be generated by an 
involution and aSylow 2-subgroup. 
We conjecture that he analogous result holds for any prime p (this 
easily seen to be true for the alternating groups). One source ofmotivation 
for this result isatheorem of Kimmerle [K]. Let d(G) denote the minimal 
number of elements ina generating setfor G and d(G, H) the minimal 
number of elements which together with H generate G. Choose apresen- 
tation G = FIR with F free and d(F) =d(G). Then A4 = R/R’ is a ZG- 
module. M is called a minimal relation m dule for G. Although M depends 
on the presentation, any two minimal relation modules are stably 
isomorphic (see [Gr2] for a more thorough description). Write 
M = P 0 L, where Pis projective and L has no projective summands. Then 
P @ ,Q E (QG)’ for some r. This number = pr(G) is called the presen- 
tation rank of G. It can be described in other ways as well. For example, by
[Gr2, Corollary 7.93, r =d(G) -d(I), where 1is the augmentaton ideal of 
ZG and d(Z) is the minimal number of elements needed to generate I as a 
G-module. Also r is the largest integer such that lH’( G, V)l < 1 VI d(c)- ’ ’ 
for all simple G-modules V (E = 1 or 0 depending on whether V is trivial or 
not) [Gr2, Theorem 6.61. 
COROLLARY 1 (Kimmerle [K]). Let S~syl~(G). Then d(G)- 
d(G, S) 2pr(G). 
Kimmerle proved this result under the assumption that all nonabelian 
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composition factors ofG can be generated bya pair of Sylow 2-subgroups. 
This holds for all G by Theorem A. 
Another consequence of Theorem A is an extension of [AGl, 
Theorem A 1. 
COROLLARY 2. If G is a finite group, then G = (S, T) for some 
SE Syl,(G) and some solvable subgroup T (containing a Sylow 2subgroup). 
A slightly stronger version of Theorem A (Theorem 4.3) gives a bound 
on the dimension of the first cohomology group over fields ofodd charac- 
teristic. We complete the argument for even characteristic and obtain: 
THEOREM B. Let G be a finite group and K a field ofcharcteristic p. Zf G 
acts faithfully on the irreducible KG-module V,then dim H’(G, V) < 3 dim V. 
This improves the bound in [AG2, Theorem A]. An immediate con- 
sequence of Theorem B and [Gr2, p. 361 is 
COROLLARY 3. Let G be a finite simple group and M a minimal relation 
module for G. Then ZG is asummand of Mt3’. 
The fact hat M(‘) has a free summand for some t is a consequence ofthe 
weaker bound in [AG2]. This has several consequences ( ee [K, L] ). 
Since d(G) = 2 for G simple, it follows by [Gr2, Proposition 6.21 that M
has no projective summand. We conjecture that 3 can be improved to t. 
This would imply that M (2) has a free summand. There are low dimen- 
sional examples where + is achieved. Indeed, it is quite possible that 
dim H’(G, V) < 1, for some fixed 1(possibly 1=2) for all faithful absolutely 
irreducible modules V. 
One can obtain a variation fCorollary 2 from the next result. This can 
be viewed as a partial dual to Cauchy’s theorem. 
THEOREM C. Let G be a finite group of even order. Let O(G) be the 
maximal normal subgroup ofG of odd order, and set G= G/O(G). Then 
either G has a maximal subgroup ofeven index or A = O,(G) =Q(G) and 
G/A g A,. 
COROLLARY 4. Every finite group can be generated by a2-subgroup and
an odd subgroup. 
It seems likely that the analogous result to Theorem C holds for odd 
primes as well. The problem is to list all exceptions. We observe that L,(2) 
provides anexception for p = 3. However, our techniques do allow us to 
extend the corollary. 
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THEOREM D. Let p be a prime and G a finite group. Then G = ( P, R ) 
for some p-subgroup P and p’-subgroup R. 
Another esult that is of independent interest is Theorem 4.2. This states 
that if G is a simple group of Lie type, B is a Bore1 subgroup, and 
1 #g E G, then G = (B, x) for some conjugate x of g. 
We are assuming that the complete list of finite simple groups is the 
alternating groups, the simple Chevalley groups, and the 26 sporadic 
groups (see [Go]). As of this time, the uniqueness ofthe Monster F, has 
not been established. However, this creates noproblems for our results. 
The article is organized as follows. In Section 2, some general 
cohomological results are proved (including Theorem B for the alternating 
groups). InSection 3, Theorem A is proved for the alternating groups. In 
Sections 4 and 5, Theorem A is proved for the Chevalley and sporadic 
groups. These results also yield Theorem B except for the Chevalley groups 
of even characteristic. Th s is proved in Section 6. In Section 7, the 
maximality of the orthogonal groups in the unimodular group is discussed. 
The final section isdevoted to Theorems C and D. 
We would like to thank Michael Aschbacher for many helpful conver- 
sations and for reading a preliminary version of this manuscript. 
2. SOME COHOMOLOGY 
Let G be a finite group and K a field of characteristic p. If V is a KG 
module, we will denote the cohomology groups on G on I’ by H”(G, V). 
We will generally interpret H’(G, I’) as U( G, V)/Aut J VG), where U( G, I’) 
are the automorphisms of the semidirect product H= VG which are trivial 
on V and H/G and Aut J I’G) are the automorphisms induced by 
conjugation by some element of V. See[AG2] and [Grl].One can also 
interpret H’(G, I’) as Der(G, I/)/IDer(G, V)  where Der(G, V) are the 
derivations from G to V, and IDer(G, I’) are the inner derivations (cf. 
[Grl, p. 453). The first result shows that one can reduce to the case G is 
simple. 
THEOREM 2.1. Let V be an irreducible KG-module. 
(a) Zf N is asubnormal subgroup ofG and W is nontrivial irreducible 
KN-submodule of V, then dim H’(G, V) <dim H’(N, W). 
(b) rf G acts faithfully on V,then either H’(G, V) = 0 or there exists a 
subnormal simple subgroup L of G and dim H’(G, V) < dim H’(L, W) for 
any nontrivial irreducible KL-submodule W ofV. 
Proof (a) If N u M 4 G, then any irreducible KN-submodule of V is 
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isomorphic toa submodule of an irreducible KM-submodule of V (this is 
just he Krull-Schmidt Theorem and the fact hat V is semisimple asa KM 
or KN module). Thus it suffices to assume N 4 G. Now V = V, @ . . . @ V,, 
where V,=g, W for some gie G, Vi is N-invariant, and V, = W. 
Set D=Der(G, V). If 6~ D, then 6=6, + ... +a,, where ~,(G)E Vi. 
Since Vi is N-invariant, therestriction of 6,to N is also aderivation. Thus 
we can define 4: D + Der(N, W) by d(6) = 6,. Suppose d(6) EIDer(N, W). 
By changing 6 by an inner derivation, we can assume 6, = 0. Then, one 
computes that for gE G and n EN, 
Hence 
86(g~‘ng)=ns(g)+g6(g-‘)+6(n)=(n-l)6(g)+6(n). 
In particular, if g= gi, then 
Hence di is an inner derivation N. Again changing 6 by an inner 
derivation, we can now assume that 6= 0 on N. By the computation above, 
this implies (n - 1) 6(G) = 0. If 6(G) # 0, then C = C,(N) # 0. However, C
is a G-invariant. So this would imply that C = V and N acts trivially on V, 
and so on W, a contradiction. Thus, we have shown that if 
q5(8)~ IDer(N, W), then 6 E IDer(G, V). Thus 4 induces an injection from 
H’( G, V) into H’(N, W) as desired. 
(b) Let N be a minimal normal subgroup of G. Since G acts faithfully 
on V, N is not a p-group. If N is a p’-group, then V is a projective KN- 
module, and so by (a) H’(G, V) = 0. Thus we can assume N is a direct 
product of simple groups. Thus L u N -=i G for L a nonabelian simple 
group. Since L does not act trivially on V, the result follows by(a). 
Aschbacher and Scott [AS] proved part (a) under the additional 
hypothesis that G/N is solvable and proved (b) using the Schreier conjec- 
ture (and so the classification of simple groups). 
LEMMA 2.2. If P is anormal nilpotent subgroup of a finite group G, then 
@JP) < Q(G), where @o(P) is the intersection of allmaximal G-invariant 
subgroups of P and Q(G) is the Frattini subgroup of G. 
Proof: If M is a maximal subgroup of G, then either @J&P) < P < M or 
G = PM. In the latter case, N,(M n P) properly contains Mn P, and so 
A4 n P 4 G. If M n P is properly contained ina G-invariant subgroup A of 
P, then AM properly contains M, and so G = AM and A = P. Thus 
M>MnP>@,(P). 
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PROPOSITION 2.3. Let G be a finite group with a normal p-subgroup A 
such that A” = A/@,(A) is a nontrivial simple G-module. If X, Y 6 G and 
G = (X, Y) A, one of the following holds: 
(a) G= (Xa, Yb) for some a, bEA. 
(b) IH’(GIA, &I 2 IA”IIlG(Wl ICAVI. 
Proof By the previous result, itsuffices to assume A =a. For each 
a, b E A, define H(a, b) = (Xa, Yb). If (a) fails, then each H(a, b) is a com- 
plement to A for each a, b E A. Moreover, since X” = x’ or 
(Xfl, Xc) n A # 1 (and similarly for Y), it follows that H(a, 6) = H(c, d) if 
and only if X”=x’and Yb= Yd. Thus A has at least IAl’/lC,(X)l [C,(Y)1 
complements. Since the number of such complements is ]H’(G/A, A)] I A], 
(b) must hold. 
As in [AG2], involutions will play an essential role in bounding 
W’(‘Z W 
PROPOSITION 2.4. Let K be a field of characteristic p, G afinite group, 
and V a finite dimensional KG module. If there xist involutions x1, x2 in G 
and p’-subgroups T, ,T,, and T, such that 
(a) G= <xf> = (x?>, 
(b) x3 = x1 x2 is a PI-element, and
(c) G = ( Ti, x,), i= 1, 2, 3, 
then dim H’(G, V) < 5 dim V. 
Proof It suffices to assume V is a simple module. If V is trivial, then 
G = ( T,, x3 ) is generated by p’-elements and so H’( G, V) = 0. So assume 
V is nontrivial. C early U(G, V) embeds in U(T,, V) x U(x,, V) for 
i= 1,2,3. By [AG2,2.4], for i= 1,2, U(x,, V)g {VE VI xiv= -v} = Vi, 
and U(x,, V) E [x3, V] = V3. Since Tj is p’-subgroup, dim U( Tj, V) < 
dim V. So if the result fails, itfollows that dim Vi > 3 dim V. Hence V, n 
V2 n V3 # 0. However, V1 n V, n V, E [x3, V] n Cv(x3) = 0. 
PROPOSITION 2.5. Let V be an indecomposable KG-module with K a field 
of characteristic p and G a finite group. Zf V has a cyclic vertex (e.g., ifthe 
Sylow p-subgroup ofG is cyclic), then dim H’(G, V) 6 1. 
Proof Let P be the vertex of G. Then V is a direct summand of the 
induced module U,G for some indecomposable KP-module U. Thus 
H’(G, V) is a summand of H’(G, UF). This latter is isomorphic to 
H’(P, U) by Shapiro’s lemma (cf. [Grl, p. 921). Since P is cyclic, U 
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corresponds to a Jordan block and it is easily computed that H’(P, U) is 1 
dimensional unless Ur KP in which case it is zero dimensional. 
Theorem B could easily beproved for the alternating groups at this 
point by using Proposition 2.4.However, one can give a much better 
bound. 
Let G=A,, n85 and H=A,-,. Consider the permutation m dule I; 
over the field ofp-elements. If p /n, this module has a composition series 
Ia/ Wn/Ic, where W = W,, is simple. Ifp 1 n, then I”, =I, @ W,, where 
W = W,, is simple. We first compute H’(G, W). For p = 2, see also [Al, 
Sect. 111. 
PROPOSITION 2.5. (a) Ifp /‘n and (p, n) # (3, 5), H’(G, W)=O. 
(b) Zfp I n and (p, n)#(3,6), then IH’(G, W)l =p. 
(c) Ifp=3, then IH’(A,, W)l =3 and IH’(A,, W)l =9. 
Proof If p/‘n, then H’(G,Iz)=H’(G,I,)@H’(G, W).Since G=G’, 
H’(G, Ia) =0. Thus H’(G, Ig) zH’(H, In) by Shapiro’s lemma. If n > 5, 
then H = H’ and so H’(H, In) =0. If n = 5, H = A,, and -it follows easily 
that still H,(H, I”) =0 unless p = 3 in which case IH’(H, I,)1 =3. Thus (a) 
and the first part of (c) holds. 
We can give agroup theoretic proof of (b). Let m= IG,/I,. Since @’ is 
indecomposable, it follows that H’(G, W) #O. Suppose dim H’(G, W) > 1. 
Then there would exist anindecomposable module U> W such that U/W 
would be a two dimensional trivial module. Since W = W,, considered as an 
H-module is isomorphic to W,- I and by (a), H’(H, W) = 0, it follows that 
U= W@C,(H). Let K=H”#H, and set L=HnKgA,-,. Since C,(L) 
is one dimensional, it follows that dim C,(L) =3 and so 
C,(H)n C,(K) #O. Thus C,(G) #O, but this contradicts the indecom- 
posability of U.
One can give asimilar proof in the case (p, n) = (3, 6). However, we just 
use the long exact sequence for cohomology applied to 0 + 1, + 
I: -+ @+ 0 to obtain H’(G, I”,) -+ H’(G, @‘) -+ H*(G, I,) + H*(G, I”,). By
Shapiro’s lemma, H”(G, I”,) E H”(H, 1”) and so for (p, n) = (3, 6), this 
yields O+H’(G, &)+Z,-+O and so IH’(G, I&‘)[=3 and IH’(G, W)l =9. 
PROPOSITION 2.7. Let G = A,,, n> 6, and V simple a G-module. Then the 
restriction mapping res: H’(G, V) + H’(H, V), H = A,, ~, , is an injection 
unless V= W= W,. 
Proof: Clearly, we can assume V is nontrivial. If not, there exists an
indecomposable G-module U such that V< U, U/V is the trivial module, 
and U = V@ (u ), where H fixes u. Thus there xists a nontrivial 
H-homomorphism from In to U. By Frobenius reciprocity, there xist a 
nontrivial G-homomorphism 4 from I: to U. Since U contains o
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trivial G-submodule and has composition length 2, it follows that U z ti 
andso VzW. 
PROPOSITION 2.8. Let G = A,, n 2 5, p a prime, K a field of charac- 
teristic p, and V a KG-module. Then dim H’(G, V) < e(p) dim V, where 
E(p)=$forp=2,3 andE(p)=(p-2))‘forp>3. 
Proof. We prove this by induction n. It suffices to assume V is a 
simple module. For n = 5 and p # 2, this follows by Proposition 2.4. For 
n = 5 and p = 2, we just observe that A, z L,(4), and so the irreducible 
modules are the trival and Steinberg modules (and so H’ = 0) and the 
natural module and the natural module twisted bya field automorphism 
(and so H’ is one dimensional). If n > 5, then either V = W,,, and the result 
follows by Proposition 2.5, or by Proposition 2.6, H’(G, V) embeds in 
H’(A, ~ i, V), and the result follows byinduction. 
3. ALTERNATING GROUPS 
The first result characterizes th  maximal subgroups of A,, containing a 
Sylow-2 subgroup. 
THEOREM 3.1. Let G= A,, n> 5, S~syl,(G). ZfH3S is a proper sub- 
group of G, then one of the following holds: 
(a) H is intransitive. 
(b) H acts imprimitively and n is even. 
(c) Hz L,(2) and n = 7. 
(d) HE (E8) L,(2) and n = 8. 
Proof Assume H acts transitively on Q = {l,..., n}. If H acts 
primitively, then since S contains a subgroup of order 4 moving exactly 4 
points, itfollows by [W, Theorem 13.91 that n < 8. For n < 8, the result 
follows byinspection. Suppose H permutes 1blocks of size k with 1,k # 1. 
Then n = kl. Let M be the subgroup stabilizing this ystem of imprimitivity. 
Thus 
n! 
CG: M1 = I!@!)’ -=f: 
For a natural number s = 2”b with b odd, set s2 = 2”. Note if nis odd, then 
2+ ‘)j2[(n - 1)/2]! f2~(2(/-IY2C(I_l)/2]!(k!)l 
This completes the proof. 
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THEOREM 3.2, Let G = A,,, n> 5. If g E G moves at least log,n points and 
for n even fixes at least 1 point, hen G= (S, g) for some SE Syl,(G). 
Proof Let SE Syl,(G). Ifg moves at least log, n points, then as S has 
fewer than log, n orbits, ome conjugate h of g will have the property hat 
H= (S, h) is transitive. If n is odd, then G = H by Theorem 3.1. If n = 7, 
the result follows byinspection. If n is even, then as g fixes a point c(, G,, 
the stabilizer of cx, satisfies G, = (g, T) for some TE Syl,(G,). Hence if 
T<SES~~,(G), G= (g, S). 
The hypothesis that g fixes a point is only for the convenience inthe 
proof. 
4. CHEVALLEY GROUPS 
Let Lie(p) denote the family of groups of Lie type (twisted orordinary) 
defined over a finite field of characteristic p. LetChev(p) denote the simple 
groups in Lie(p) except hat for p= 2, we also include G,(2)‘, Sp,(2)‘, and
2F,(2)’ and for p= 3, we include ‘G,(3)‘. For these latter groups, a
parabolic subgroup is understood tobe the intersection with a parabolic 
subgroup of the corresponding group of Lie type. 
LEMMA 4.1 (Tits, cf. [A2]). If G~Chev(p)u Lie(p) and U~syl,(G), 
then any maximal subgroup containing U isa parabolic subgroup containing 
B = No(U). 
The next result depends on the B, N pair structure ofthe Chevalley 
groups. 
THEOREM 4.2. Let GE Chev(p) u Lie(p). Suppose U E Syl,W, 
G = NJ U), and g $ nB”. Then G = ( U, h ) for some conjugate h of g . 
Proof First, assume GE Lie(p). Recall G = u BwB where the union 
ranges over W, the Weyl group of G. Choose a conjugate h of g so that 
h E BwB and the length of w is maximal. We claim G = (U, h). If not 
( U, h ) < (B, h ) = (B, w ) is contained ina proper parabolic subgroup of 
G. Let R= {r i,..., rt}be a fundamental set of reflections for W. Hence w 
involves only a proper subset of R. Thus we can choose rE R such that rwr 
has length 2 greater then w (choose any r E R not involved with w and 
which does not commute with w). Then rhr- ’E rBwBr- ’E BrwrB (cf. 
[St]) contradicting the choice of h. 
If G E Chev(p), the same argument applies xcept hat we must work in 
GO, the corresponding group of Lie type. 
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COROLLARY. Let G E Chev(p), K a field of characteristic not p, and V a 
finite dimensional KG-module. Then dim H’(G, V) < 3 dim V. 
ProoJ: Choose distinct involutions x1,x2 in G such that x3 = x,x1 has 
order 2 if p # 2 and has odd order if p= 2. Now apply Theorem 4.2 and 
Proposition 2.4. 
We now want to prove Theorem A for the Chevalley groups. Actually we
need a slightly stronger result. 
THEOREM 4.3. Let G be a finite nonabelian simple group. Then there 
exist involutions x, y E G and S; E Syl,(G) such that 
(a) z = xy has order a power of 2, and 
(b) G=(S,,x>=(S,,y)=(S,,z). 
First, note that this holds for G = A,, n 2 5 by Theorem 3.2 and for 
GE Chev(2) by Theorem 4.2. The rest of this ection isdevoted to proving 
this result for GE Chev(p), p # 2. 
Two obvious but useful observations are in order. If G = (H, S), 
SE Syl,(G), S n HE Syl,(H), and H satisfies the conclusion fTheorem 4.3, 
then so does G. If G is a covering group of H, H satisfies the conclusion f
Theorem 4.3, and the involutions of H can be lifted toinvolutions of G, 
then G satisfies Theorem 4.3. We will use these facts freely. 
The main idea of the proof is to produce a subgroup H satisfying 
Theorem 4.3 with G = (H, S) for any SE Syl,(G). 
LEMMA 4.4. Zfq is odd and G= L,(q), q> 3, ‘G,(q)’ or SU,(q), then G 
satisfies Theorem 4.3. 
Proof Since all such G contain a Klein subgroup and have a unique 
class of involutions, it uffices to prove G = (S, z) for some involution z 
and some SE Syl,(G). Since L,(5) %A,, L,(7) 2 L,(2) and L,(9) E A,, it 
suffices to consider L,(q), q> 9. Thus G = L,(q) contains a maximal sub- 
group D which is dihedral of order q+ 1. Say D = ( y, z ) with y2 = z2 = 1. 
Choose SE Syl,(G) with yE Z(S). Then (z, S) 2 (D, S) = G. 
Since ‘G2(3)’ z L,(8), we need only consider G = 2G2(q), q= 32k+ ‘, 
k > 1. Then there xists X= (x) cyclic oforder q+ 1 + (3q)‘j2. Moreover 
N= NJX) is the unique maximal subgroup of G containing X and 
[N: X] = 6. Furthermore, there is an involution z inverting X. Hence if 
zXe SE Syl,(G), then (x, S> > (z, zX, S) 2 (X, S) = G. 
Finally, ifG = W,(q), choose H = SO,(q) unless q = 3 or 5. For q = 5, 
set H = L,(2) and for q = 5, set H = A,. It follows from Bloom [B], that 
HZ(G) is maximal of even index in G. Since SO,(q) z PGL,(q) and L,(q) 
satisfies the conclusion, theresult follows. 
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In our induction process, weshall need to use certain covering groups. 
Since SL,(q) does not have any noncentral involutions, the next result is 
necessary. Let SL:(q) denote the subgroup of GL,(q) with 
c=,*(q): %(q)l = 2. 
LEMMA 4.5. If q is odd, then G= SL:(q) satisfies Th orem 4.3. 
Proofi For q < 11, this follows byinspection (indeed for q= 5, 7, or 9, a 
Sylow 2 subgroup is maximal). So assume q > 11. Let z be noncentral 2-
element of G. It suffices to show G = (z, S) for some SE Syl,(G). By 
replacing z by some power, we can assume that z2 = + 1. Then z will invert 
a split orus T= (t) of H = SL,(q). The only maximal subgroups of H 
which contain Tare N= NJ T) = (T, x), B, and B”, where s4 = 1, s inverts 
T and B is a Bore1 subgroup. Set K = ( T, z) = (tz, z). Choose SE Syl,(G) 
such that z E S and S n His not contained inN. Then Y = (z, S) contains 
but does not normalize T. Moreover, as [H: B] is even, Yn H is not con- 
tained in B or B”. Hence Y > H and so Y = G. 
The rank 2 groups also require special care. 
LEMMA 4.6. Let q be an odd prime power. IfG = SL,(q), G (q), 3D,(q), 
SU,(q), Sp,(q), orO,(q), then G satisfies Th orem 4.3. 
Proof. If G = SL,(q), set N = N&SO,(q)) = SO,(q) x Z(G). Since 
N/Z(G) 2 PGL,(q), N is maximal in G (Corollary 7.4) of even index, and 
[Z(G)1 is odd, it follows that G satisfies the conclusion. 
By [Co], G,(q) has a maximal subgroup H with Hg SL,(q)/Z, or
SU,(q)/Z, ofeven index. Since H satisfies the conclusion, so does G,(q). 
If G = SU,(q) or Sp,(q), let M be the stabilizer of a totally isotropic 
plane. Then F= F*(M) = Z(G) x A, where A = O,(M) is an elementary 
abelian p-group (q is a power of p). Moreover, M= FN, where 
GL,(q’) B N 2 SL:(q”) = H with F = 1 for Sp,(q) and E = 2 for SU,(q). 
Choose involutions X, y in H satisfying Theorem 4.3. Thus H = (S, x) for 
some SE Syl,(G). Then H acts nontrivally on the irreducible module 
A” = A/QAH(A), with H’(H, 2) = 0. Thus, by Proposition 2.3, AH = (x, T) 
for some T= S=‘E Syl,(AH), aE A. Let T< Q E Syl,(G). Set L = (x, Q) = 
(AH, Q ). If L # G, then as AH contains a Sylow p-subgroup of G, 
Lemma 4.1 applies. Thus L is contained ina parabolic subgroup. However, 
no parabolic subgroup contains Q, and so G = (x, Q ). Similarly 
G = ( y, Q i ) = (xy, Q, ) for some Q i, Q2 E Syl,( G). Thus G satisfies 
Theorem 4.3. Since Cl,(q) E PSp,(q), it also satisfies the conclusion. 
Finally, let G = 3D4(q). Then G has a maximal parabolic subgroup M
with Fr(M) = A of order q9. Moreover, Ma AH= K, where Hz SL2*(q3) 
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acts irreducibly on A = A/@,(A). As above, Z(H) acts nontrivially on 2, so 
H’(H, 2) = 0. Arguing exactly asin the previous paragraph, wesee that G
satisfies Th orem 4.3. 
The proof or the rest of the Chevalley groups is essentially the same. 
The main idea is to choose a maximal parabolic subgroup of even index 
which satisfies the conclusion. 
LEMMA 4.7. Let q be an odd prime power. If G = SL,(q), n3 4, SU,(q), 
n 2 5, Spdq), n 2 3, Q’(q), n 2 6, E,(q), ‘l&(q), orF,(q), then G satisfies 
Theorem 4.3. 
ProoJ Let G be a minimal counterexample. If G = SL,(q) with n odd, 
take H= N,(SO,(q)) = SO,(q) x Z(G). Then H is maximal of even index 
by Corollary 7.4, and the result follows exactly asin the case IZ = 3 in 4.6. If 
G=&(q), there xists a maximal subgroup Hz SL,(q) (cf. [Co]) of even 
index, a contradiction. Alsonote Sz: (q) and Q;(q) are central quotients of
S-L(q) and Su4(q). 
For the other groups G, choose a maximal parabolic subgroup M of G 
as follows: for G a classical group, M is the stabilizer of a (singular) line. 
Otherwise M= N&Z) for Z the center of a long root subgroup of G. Set 
A = O,(M). Then A4= AL, where L is the Levy factor of M. Set 
H=OP’(L), K= 02’(L), and A”= A/QKA(A). Then H and A” are given in 
Table I. Observe that in all cases, H’(K, 2) = 0. Indeed, in most cases Z(K) 
acts nontrivially on the irreducible module A”. For the other cases, see 
[JP]. Thus exactly as in the proof or Sp,(q) in the previous lemma, we 
find that AK satisfies Theorem 4.3. If SE Syl,(G), set X= (AK, S). If 
X#G, then Xd (X, B)=P, where B=N,(U), UES~~,(AK)CS~~,(G). 
Since M= KB is a maximal parabolic subgroup, this implies P = hf. 
However, by the choice of M, [G: M] is even. Thus G = X, and the result 
foilows. 
TABLE I 
G H A DIM A’ 
%l(Yh n B 4 
Sun, n 3 5 
SP2.(YX n 3 3 
Q:(Y), n 2 7 
E,(q) 
2Edq) 
E,(q) 
F,(q) 
=n- 1(Y) 
sun-,(Y) 
%.-2(Y) 
a,+_ 2(Y) 
SLdY) 
SUdY) 
E,(q) 
%(Y) 
Natural 
Natural 
Natural 
Natural 
n-l 
n-2 
2n-2 
n-2 
20 
20 
56 
14 
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5. THE SPORADIC GROUPS 
We follow the notation in [GL] for the sporadic groups. 
To complete the proof of Theorem 4.3 (and so also f Theorem A), we 
need only: 
LEMMA 5.1. If G is a sporadic s mple group, G satisfies Th orem 4.3. 
Proof. We need only produce asubgroup H of G such that G = (H, S> 
for any SE Syl,(G) and H satisfies Theorem 4.3. This subgroup is given in 
Table II. In most cases H is maximal of even index. In certain other cases, 
we know G = (H, S) by appealing tothe list of maximal subgroups of G 
which contain a Sylow-2 subgroup. See [A2, AG2, Bu, GL] for the 
existence of such subgroups. 
There are two special cases. IfG = F3, let H = (x, y ) be a dihedral sub- 
group of order 38 with x2 = y2 = 1. Then G = (x, S) for yE SE Syl,( G) by 
[A2]. Since there is a unique class of involutions i  G, it follows that G 
satisfies Th orem 4.3. If G = J4, and z is a central involution in SE Syl,(G), 
then G = (S, z”) = (S, g) for any g such that (z, z”) is not a 2-group 
[A2]. Now G contains a subgroup Kr S5 containing both conjugacy 
classes ofinvolutions f G (cf. [GL]). Hence there xists anelement g of 
order 3in K and y a noncentral involution such that zzg has order 3and zy 
has order 6. Thus for any involution i G, G = (x, T) for some 
TE Syl,(G). AsG contains a Klein subgroup, Theorem 4.3 holds. 
Thus Theorems 4.3 and A hold. Corollary 2 now follows by a 
straightforward argument. 
TABLE II 
G H G H 
MI, 
MI, 
M22 
M23 
M24 
J, 
J2 
J3 
co3 
co2 
CO1 
HS 
MC 
L,(ll) 
Ml, 
L2(11) 
Ml1 
M23 
L,(ll) 
‘45 
L2(19) 
M23 
M23 
co3 
M22 
(1,(3) 
M< 
sz 
He 
LY 
RU 
ON 
‘44(22) 
~(23) 
M(24)’ 
F5 
F2 
f-1 
U,(3) 
G,(4) 
G,(4) z2 
G,(5) 
9’4(2) 
L(7) -72 
Q,(3) 
PQ,+(3)~S, 
~(23) 
,412 
~(23) 
F3 
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TABLE III 
G K I4 IAl Remarks 
W22) 
~(23) 
M(24)’ 
ON 
sz 
F, 
F5 
M22 2’0 
W22) 2 
L(2) x 4 2’2 
L,(2) 23 
A6 26 
A9 28 
L,(2) x z, 26 
2’0 dToddModule 
2 H’(K, A)=0 
2’5 H’(K, A)=0 
2-5 IH’(K, A)[ = 2 
2’0 H’(K, A)=0 
29 H’(K, A) = 0 
2” H’(K, A’) =0 
COROLLARY 2. Any Jinite group can be generated bya Sylow 2-subgroup 
and a solvable subgroup (which can be taken to contain Sylow 2-subgroup). 
Proof: Let G be a minimal counterexample. L tA be a minimal normal 
subgroup of G. Since G/A satisfies the result, G = (S, T> where A < S n T, 
S/A E Syl,(G/A), and T/A is solvable (and contains a Sylow 2-subgroup). If 
A is a p-group, then T is solvable and G = (Q, T) for A E Syl,(S). 
Thus A E L x . . . x L for L a nonabelian simple group. By the Frattini 
argument, G = AN,(R) for R E Syl,(G). Itfollows from Theorem A that 
A=(R, Rg) for some gEA. Since N=N,(R)#G, N=(S, T> for 
R < SE Syl,(N) n Syl,(G) and R < T, where T is solvable (and contains 
a Sylow 2 subgroup). Then (S, Tg) = (R, Rg, S, Tg) = A(S, Tg) = 
A($ T)=AN=G. 
We shall also complete the proof of Theorem B for the sporadic groups. 
If G is not listed on Table III, then G satisfies Proposition 2.4 by 
[AG2(3.6)]. IfG is one of the seven groups listed inTable III, choose a
subgroup H of odd index appropriately. Set A = O,(H), A” = A/@,(A), and 
K= H/A. The K, A, and A” are listed in the table. Moreover, A” is an 
absolutely irreducible K-module, and in all cases jH’(K, A”)1 d 
jA”12j3 lEnd,(A”)I-‘. Thus jH’(G, V)I < IH’(H, V)I 6 IV’I2’3 by [AG2, 2.101. 
6. CHEVALLEY GROUPS OF EVEN CHARACTERISTIC 
To complete the proof of Theorem B, it suffices to assume G is simple by 
Theorem 2.1. Hence by earlier results, we can assume G is a simple 
Chevalley group in characteristic 2 and V is an irreducible kG-module for k
a field of characteristic 2. Moreover, the choice of k is irrelevant, so we 
assume k is the field of 2 elements. 
First, assume G has Lie rank 1. If G = Sz(q) or L,(q), q > 2, then there 
exists X cyclic oforder q- 1 such that he only maximal subgroups of G 
containing X are N = NJX), B, and B” where B is a Bore1 subgroup and s 
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is an involution i verting X.Let s #g be an involution i C,(s). Then 
g $ N u B u B”. Hence G = (X, g ) = (X, Xg ) Moreover, as all involutions 
in G are conjugate, it no follows that G satisfies Proposition 2.3 for p= 2. 
Similarly, ifG = U,(q), q> 2, then there exists X cyclic of order 
(q3 + l)/(q + 1) contained in a unique maximal subgroup. So G also 
satisfies Proposition 2.4 and so Theorem B. 
There are several special cases that must be handled separately. First, 
L,(2) z L,(7), Q,(2) E A,, and G,(2)’ z U,(3). Thus Theorem B holds for 
these groups by Corollary 4.3. Now consider G = ‘F,(2)‘. Let z be a 2-cen- 
tral involution i G and T~syl,,(G). Then G= (T, z) (By the list of 
maximal subgroups of G (cf. [Wi]), it follows that if G # (T, z), then 
3 1 lC,(z)l, a contradiction). Let y be a conjugate ofG such that 1 #x =yz 
has odd order (namely x3 = 1). If X= O(N,( T)), then 1x1 = 39, and by 
[Wi], X is contained in exactly two maximal subgroups M, and M, 
both isomorphic to L,(3)/Z,. A simple counting argument shows that 
(X, x’) = G for some conjugate x’of x. Thus Proposition 2.4 applies. 
For the rest of the groups G in Chev(2), we argue as follows. Choose a 
maximal parabolic subgroup M of G as given in Table IV. Let A = O,(M), 
set 2 = A/@,(A), and H= O”(M). Next we observe that M/Q is faithful 
on A” and irreducible as well unless G = F,(q), inwhich case, A r 2, @A, 
where the A”i are irreducible andnonisomorphic. Also H/A is quasisimple, 
and M/H has odd order. Choose an M-composition series 0= 
V0 c V, c . . c V, = I’. Then as [G : M] is odd, dim H’(G, V) < 
dim H’(M, I’). Also dim H’(M, V) < C hi, where hi= dim H’(M, pi) and 
Pi = 1/,/V,-  . If pi is not involved inA”, then by [AG2, Sect. 21 and induc- 
TABLE IV 
G A4 HIA 
L,(q) 
PSP,(Y) 
U,(q) 
G,(q) 
2Fdq) 
3D‘dq) 
U,(q), n > 4, (n, 4) f (572) 
U,(2) 
PSP*n(q). n > 2
P-q(q), n 24 
F,(q) 
*Es(q) 
E,(q) 
E,(q) 
E,(q) 
Stabilizer ofline 
Stabilizer ofa singular plane 
Stabilizer ofsingular plane 
N,(Z), Z a long root subgroup 
NG(Z) 
N&Z) 
Stabilizer ofa singular line 
Stabilizer ofa singular plane 
Stabilizer ofa line 
Stabilizer ofa singular line 
N,(Z) 
N,(Z) 
N,(Z) 
N,(Z) 
NdZ) 
SL,- l(4) 
=2(q) 
SUAq) 
.%((I) 
WY) 
SLz(Y’) 
sun-z(q) 
L,(4) 
SP,, A41 
f% 2(q) 
4%(q) 
SUdq) 
S-h(q) 
Spin :2(q) 
E,(q) 
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tion hi6 dim H’(H/A, Pi) < 3 dim Pi. If Pi = A”(or Aj for G = F,(q)), then 
also by [AG2, Sect. 21, hi = dim End,( Vi) + dim H’(M/A, Vi). In all cases, 
(either by observing that O,(M/A) # 1 or by appealing to [JP]) 
hi < 3 dim Pi. Thus dim H’( G, V) < 5 dim V, as desired. 
7. MAXIMALITY OF ORTHOGONAL GROUPS 
Throughout his ection, F wil denote afield of characteristic no  2.Let 
V be a vector space over F of dimension n, and q a nondegenerate form on 
V. Set T= { gE GL( V) 1 det g= + l} and G = 0( V, q), the orthogonal 
group of q. Our goal is to show for certain q (including q isotropic, n 2 3) 
that he only maximal subgroup of T containing G is NT(G). 
The first lemma is well known. 
LEMMA 7.1. Suppose n >2 or if 1 FI 6 5, then 2 3. Choose vE V with 
q(v) =a # 0. Set G, = (z E G 1 5 is areflection, z(w) = -w with q(w) =a). 
(i) G, acts (absolutely) irreducibly on V.
(ii) Zf G, < H d G, then NT(H) < N,(G) = {G E T 1 q” = ;1q for some 
IEF}. 
ProoJ: (i) Induct on n. For n = 2 (or n = 3, if IFI < 5), this follows by
inspection. Forlarger n, we can write V= W, @ W,A , i = 1, 2, where u E Wi 
is a hyperplane and W, # W,. By induction, Hi= (z a reflection n G,, 
r( Wi) = Wi) acts irreducibly on W,. Thus the only nontrivial H,-invariant 
subspaces of V are Wi and W:. Thus H, and H, have no common 
invariant subspace. Since G, contains a reflection, this implies G, acts 
absolutely irreducibly on V. 
(ii) Let Q be the symmetric matrix corresponding to q. Thus if 
gEN,(H), then (ghg-‘)Q(ghg-‘)‘=Q for all hgH. Thus hQh=Q,, 
where Q, =g-‘Qgpr, and so hQQ;‘h~‘=QhrQ;lh-‘=Q(hQ,h’)~l= 
QQ; ’ . Since H acts absolutely irreducibly, QQ; l = AZ. Thus Qi = AQ and 
the result follows. 
To prove the maximality result, we need that V is an irreducible G- 
module over the integers. The next lemma shows this holds for certain q.
LEMMA 7.2. If n 2 2 (n >, 3if (FI = 3 and q is isotropic) and 
(i) F is finite, or 
(ii) q is isotropic, or 
(iii) F is areal pythogorean archimedean field, 
then V is an irreducible ZG-module. 
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Proof: Let v be any nonzero vector in V. Let A4 be the additive sub- 
group of V generated by8. We must show M= V. If F is finite and n = 2, 
this follows byinspection. If IFI is prime and n 3 3, then any ZG-module is 
an FG-module and the result follows from Lemma 7.1. So we can assume 
IFI > 5. Note (i) will now follow from (ii). So assume q is isotropic. If 
a = q(v) = 0, then lo E vG for any nonzero AE F, and so M is an FG-sub- 
module, whence A4 = V. If a # 0, then since V is contained ina hyperbolic 
plane, we can choose w E v’ with q(w) = --a. Since 1FI > 5, we can choose 
0 # b E F with b2 # 1 # b3. An easy calculation yields that e= (b2 + 1)/2bv + 
(1-b2)/2bw andf=-(b2+2b+2)/2(1+b)v+(b2+2b)/2(1+b)w both 
have norm a. Hence e, f~v’=M. In particular, u=e+f+ VEM is 
isotropic. As above, Ma (u”) = V. Thus (i) and (ii) follow. 
If (iii) holds, then either q is isotropic and(ii) applies orwe can take q to 
be a sum of squares. Let 0 # v E V. If q(v) = a, choose w E v’ with q(w) =a. 
For any 0 < b < 1, q(bu f JD w) = a. Thus 2bv EA4 = (v”). Since F is 
archimedean, any c E F can be expressed as2nb where 0< b < 1 and n is an 
integer. Thus cv E A4 for any c E F and M is an FG-module. Lemma 7.1 now 
implies M= V, as desired. 
THEOREM 7.3. (i) Zf n > 3 and V = Fv I W, where 0( W, q) = L acts 
irreducibly (over Z) on W, then the only proper maximal subgroup ofT con- 
taining G is N,(F). 
(ii) In particular, thisholds whenever q is isotropic or F is a real 
Pythogorean archimedean field. 
Proof: First, note (i) implies (ii) by Lemma 7.2. Suppose G < S 6 T. We 
wish to show that either S = T or S < N = N,(G). So assume S $ N. We 
first claim that here xists a reflection T E S- G with tv = -v (where vis 
given in the hypothesis). If us contains a singular point, then 
S, = { g E S / gv = Au for some 2 E F} acts indecomposably on V (as S, 2 G,, 
does for w a singular point). This implies that if p is the orthogonal reflec- 
tion centered atv, then [p, S,] # 1. Hence we can choose r =gpg-’ for 
g E S, - C,(p). If us consists ofnonsingular points, then either t exists or
for each w E us, the only reflection n S centered at w is the orthogonal 
reflection. He ce K= (p 1 p an orthogonal reflection ce tered atw E v”) is 
normal in S and contained in G. Moreover, by Lemma 2.1, since 
G, < K < G with a = q(u), S < N,(K) d NT(G). This contradiction proves 
the claim. 
Let r be the reflection as in the claim. Set g= rp where p is the 
orthogonal reflection centered at v. Thus g is a transvection and 
[g, V]=Fv. Let U={hETI hv=v, [h, V]<Fv}. Now L acts on U via 
conjugation. Moreover, UE W as L-modules. Thus by hypothesis, 
s>, (g”) = u. 
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Let x be any nonzero element of V. Then x = u + CIU for some GI EF and 
UEU’. We can choose ~9, YE F- (0) with q(u+/?~)=q(u)+fl~q(u)= 
y2q(u) = q(yu). Hence x is conjugate (under U) to u + flu and so is conjugate 
to yu under S. Thus S is transitive on lines. Hence S= (S, U) contains all 
transvections and so S > (SL( V), G) = T. This completes the proof. 
Brauer [Br] and No11 [N] proved Theorem 8.3(ii) for q definite and 
F = R. Dieudonnt observed that his fails for real nonarchimedean fields. It 
also can be shown that it fails for definite forms over number fields. 
COROLLARY 7.4. If n > 3 is odd and the hypotheses ofTheorem 7.3 hold, 
then N&SO’ (4)) is maximal in G = SL,(q). 
Proof For n odd, T= G x ( -Z). Apply Theorem 7.3. 
8. THEOREM C 
Let G be a finite group. We recall some notation. O(G) is the maximal 
normal odd order subgroup of G. A component of G is a quasisimple (per- 
fect and simple modulo the center) subnormal subgroup. E(G) is the sub- 
group generated by the components of G, and E*(G) = E(G) F(G) is the 
generalized Fitting subgroup of G. 
We first wish to consider G with F*(G) = (L’) for some simple com- 
ponent L of G. The first result gives asufficient co dition for the existence 
of a maximal subgroup M of G such that G = MF*(G) and N,(L) induces 
all inner automorphisms on L (in the notation of [AS], MEW;). 
PROPOSITION 8.1. Suppose G is a finite group containing a simple 
component L such that Q=F*(G)=(LG)=L1x ... XL,, where L= 
L,, Lz,..., L, are the G-conjugates of L. Zf N,(L) = LC,(L), then there xists 
a diagonal subgroup D Q Q (i.e., D = {(o,(l),..., a,(Z))}, where ai: L -+ Li is 
an isomorphism) such that G = QC,(D). 
Proof Set N= N,(L) and choose right coset representatives x1 ,..., x, 
forNinGforNinGsuchthatL,=L”‘.SetD={171”’1I~L}.IfgEL,then 
Lg = Loci, for some permutation 0. If j= o(i), then xig = gjxj, where 
gig N,(L). By the hypothesis, gj induces conjugation bymje L on L. Thus 
if d= rcP E D, then 
dg = ,@ = ?l~g~o~W) = x~“~c+W~, 
= &X’X - lw, - - d”‘, 
where m = z(xz:‘m,xi) E Q. Hence g E QC,(D), as desired. 
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Remark. Assume the hypotheses ofProposition 8.1. Let M be a maximal 
subgroup of G containing DC,(D) (note DC,(D) is itself maximal if and 
only if the permutaton action of G on the {L,} is primitive, or equivalently 
N is a maximal subgroup). Itfollows easily that Mn Q is isomorphic toa 
direct product of s < t copies of L. Hence [G : M] = [Q: M n Q] = 1 LI ‘-‘. 
In particular, M has even index (this fact can be een more directly b
observing that Q = (D, S) f or any SE Syl,(Q)). It is worth noting that in 
fact G is a wreath product. 
Proposition 8.1 was implicitly used in the proof of the following result in
[Gu, Corollary 21. Here O,(G) is the maximal normal solvable subgroup 
of G. 
PROPOSITION 8.2. Let G be a finite group. The following areequivalent. 
(i) Every maximal subgroup has prime power index. 
(ii) G/O,(G)= 1 or L,(2). 
The proof is exactly as given in [Gu] except hat Proposition 8.1 must 
be invoked to ensure the existence ofthe diagonal subgroup. 
We can now prove Theorem C. Unfortunately, the proof depends upon 
the classification of simple groups. However, because of the strength ofthe 
hypothesis weare hopeful another proof can be found. Note that he con- 
verse of Theorem C is trivial. 
THEOREM C. Let G be a finite group such that every maximal subgroup 
has odd index. Set G = G/O(G). Then A= #i(G) = O,(c), and (?/A z A7 or 
G= 1. 
Proof Let G be a minimal counterexample. Clearly O(G) = 1. If 
O,(G) # 1, then G/O,(G) satisfies the result, and so G/O,(G) E A,. Clearly 
O,(G)=@(G). So F*(G)=Q,x...xQ,, where Qj = (LF ) for simple com- 
ponents L, of G. Since very homomorphic image of G satisfies the con- 
clusion, we see that here are four possible configurations f r F*(G) = F: 
(i) t=l and QIgA7, 
(ii) t=l and QI#L,zAA,, 
(iii) t=2 and QlgQe,gAA,, 
(iv) t = 1 and L, is not isomorphic toA,. 
Note that C,(F) = 1 (this follows from properties of F*(G), or pass to 
the quotient). Thus Fd G d Aut(F). If (i) holds, then G = A, or S,. 
However, S, has maximal subgroups of even index (in particular, A, and 
the normalizer ofa Sylow 7-subgroup). 
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If (ii) holds, set N = N&L,). By Proposition 8.1 and the remarks follow- 
ing it N # L, C&L,). Let SE Syl,(F). We claim M = NJ S) is maximal in 
G. By the Frattini argument, G = FM, and Fn M is the direct product of 
the normalizers ofthe intersection of S with each component. Since 
N# L, C&L,), K= N,(L,) induces an outer automorphism of L,, whence 
NL,(S) is a maximal K invariant subgroup. Itfollows that A4 is maximal 
(one can also appeal to [AS, Theorem 1 I). 
If (iii) holds, then A, x A, 6 G6 S, x S,, and the only possibility s 
G = A, x A,. However, a diagonal copy of A, is maximal of even index. 
Finally, assume (iv) holds. We shall first assume the following: 
Let L be a finite nonabelian simple group not isomorphic toA,. 
If F*(H) =L, then there xists a maximal subgroup M of H 
such that [L: M n L] is even. (*) 
Assuming (*), it follows from [AS, Theorem l(C3)] that case (iv) cannot 
hold. So we prove (*). If L is a sporadic group, choose K 6 L such that 
[L: K] has even index and K is maximal with respect toH = LN,(K). In 
most cases, K can be taken as in Section 5, Table III. Then M = N,(K) is 
the desired subgroup (note M n L = K). If L = A, or A,, the result follows 
by inspection. If L= A,, n>7, set M=N,(A,-,) for n even and M a 
maximal subgroup of H containing ann-cycle for n odd. By Theorem 3.1, 
[L : K] is even. 
If L is a Chevalley group in characteristic 2, hen by some elementary 
number theory, itfollows that here xists anodd prime p and P E Syl,(L) 
such that P is not contained inany parabolic subgroup of L. Let P< K be 
a subgroup L maximal with respect toH = LN,( K). As before M = NH(K) 
is the desired subgroup. Since K is not contained ina parabolic subgroup, 
[L:K] = [L:Mn L] is even. 
Now let L be a Chevalley group in odd characteristic. Again, by some 
elementary number theory (or one can appeal to [Ka]), there will be a 
maximal parabolic subgroup P of even index in L unless L= PSL,(q), n 
odd. Then take K = P unless H contains graph automorphisms. Inthat 
case take K to be the intersection of the maximal parabolics (containing a 
given Bore1 subgroup) in the orbit of P under H. Again, M = N,(K) will 
satisfy (*). 
Finally, ifL= PSL,(q), qnodd take K = PSO,(q), and M = N,(K). This 
completes the proof. 
COROLLARY 4. If G is a finite group, then G = (S, T) for some 
SE Syl,(G) and some odd subgroup T. 
Proof Let G be a minimal counterexample. Clearly, we can assume 
O,(G)= 1. If G has a maximal subgroup M of even index, then 
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h4= (R, T) for R E Syl,(M) and 1 TI odd. Hence G = (S, T) for 
R 6 SE Syl,(G). Thus by Theorem C, G g A,. However A, = (S, T) for 
some Sylow 2-subgroup S and some Sylow 7-subgroup T (for each T is 
contained inexactly two maximal subgroups, M  and Mz, both isomorphic 
to L,(2); but lSyl,(M,)l =21, thus take S~syl*(G) with S$ Syl,(M,)). 
We now prove Theorem D. First, a stronger result for simple groups is 
needed. 
PROPOSITION 8.3. Let L be a finite simple group. Fix a prime p. Ifp 1 1 LI, 
then there xists a prime q fp such that L = (P, Q) for some P E Syl,(G) 
and Q E Syl,(G). 
Proof. If L E Chev(r), then either p = r or we can set q = r. The result 
now follows from Theorem 4.3. If L = A,, assume one of p, q is 2. Let 1 be 
an odd prime. It suffices to show L = (S, T) with SE Syl,(G) and 
T~Syl~(G).Ifniseven, thenIdn-1, andsoA,-,=H=(S,,T,) where 
Si E Syl,( H) and T, E Syl,(fO Thus G=(H,S)=(S, T,) for 
S, $ SE Syl,(G). If7 # n is odd, given SE Syl,(G), choose TE Syl,(G) such 
that (S, T) is transitive. Th n G = (S, T) by Theorem 3.1. If n = 7, the 
result follows byinspection. 
If L is sporadic, then the arguments as in Section 5 show that 
L = (S, T) for some SE Syl,( G) and TE Syl[(G), 1 a fixed odd prime 
dividing IG(. 
We now prove Theorem D. Let G be a minimal counterexample. Clearly 
O,(G) = O,.(G) = 1. Let A be a minimal normal subgroup of G. So 
A=Lx . . . x L with L a nonabelian simple group. Moreover pdivides ILI. 
Thus by the proposition, A = (Q, R) where Q E Syl,(A) and R E Syl,(A). 
Let N= NJQ). By induction, N= (B, T) where BE Syl,(N) and T is a 
@-subgroup of N. We may assume Q < T. Let S < P E Syl,(G) and choose 
g E A such that R < Py. Then (P, T) and (R, Q) = A. Hence ( Pg, T) 2 
A(P, T) > A(S, T) = AN= G, as desired. 
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